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UNIT-1V
TIME-VARYING FIELDS AND MAXWELL’S EQUATION

5.1Introduction

In our study of static fields so far, we have observed that static electric
fields are produced by electric charges, static magnetic fields are produced by
charges in motion or by steady current. Further, static electric field is a
conservative field and has no curl, the static magnetic field is continuous and its
divergence is zero. The fundamental relationships for static electric fields among
the field quantities can be summarized as:

VXE=0 (5.1a)

v:-D=p, (5.1b)
For a linear and isotropic medium,
D=¢E (5.1c)

Similarly for the magnetostatic case

V.E=0 (5.2a)
VxH=J (5.2b)
B=ui (5.2¢)

It can be seen that for static case, the electric field vectors Zand Dand
magnetic field vectors 8 and  form separate pairs.

In this chapter we will consider the time varying scenario. In the time
varying case we will observe that a changing magnetic field will produce a
changing electric field and vice versa.

We begin our discussion with Faraday's Law of electromagnetic induction
and then present the Maxwell's equations which form the foundation for the
electromagnetic theory.
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4.1 Faraday's Law of electromagnetic Induction

Michael Faraday, in 1831 discovered experimentally that a current was
induced in a conducting loop when the magnetic flux linking the loop changed. In
terms of fields, we can say that a time varying magnetic field produces an
electromotive force (emf) which causes a current in a closed circuit. The
quantitative relation between the induced emf (the voltage that arises from
conductors moving in a magnetic field or from changing magnetic fields) and the
rate of change of flux linkage developed based on experimental observation is
known as Faraday's law. Mathematically, the induced emf can be written as

_4a¢
Emf= dt \Volts (5.3)

where Zis the flux linkage over the closed path.

dg
A non zero <t may result due to any of the following:

(a) time changing flux linkage a stationary closed path.
(b) relative motion between a steady flux a closed path.
(c) acombination of the above two cases.

The negative sign in equation (5.3) was introduced by Lenz in order to
comply with the polarity of the induced emf. The negative sign implies that the
induced emf will cause a current flow in the closed loop in such a direction so as
to oppose the change in the linking magnetic flux which produces it. (It may be
noted that as far as the induced emf is concerned, the closed path forming a loop
does not necessarily have to be conductive).

If the closed path is in the form of N tightly wound turns of a coil, the
change in the magnetic flux linking the coil induces an emf in each turn of the coil
and total emf is the sum of the induced emfs of the individual turns, i.e.,
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N3¢
Emf= 4t \Volts (5.4)
By defining the total flux linkage as

A=Ng (5.5)

The emf can be written as

_44
Emf= dt (5.6)

Continuing with equation (5.3), over a closed contour 'C' we can write
Emf=Je B (5.7)
where Zis the induced electric field on the conductor to sustain the

current.

Further, total flux enclosed by the contour 'C" is given by

g (5.8)

Where S is the surface for which 'C' is the contour.

From (5.7) and using (5.8) in (5.3) we can write

e L),
?CE.dI -— a?s Bds (5.9)

By applying stokes theorem
[ VxEds= -Lﬁ.dé
. ot (5.10)

Therefore, we can write
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(5.11)

which is the Faraday's law in the point form

We have said that non-zero d¢/dt can be produced in a several ways. One
particular case is when a time varying flux linking a stationary closed path induces
an emf. The emf induced in a stationary closed path by a time varying magnetic
field is called a transformer emf .

Example: Ideal transformer

As shown in figure 5.1, a transformer consists of two or more numbers of coils
coupled magnetically through a common core. Let us consider an ideal
transformer whose winding has zero resistance, the core having infinite
permittivity and magnetic losses are zero.

— 0
‘m.(l) . ‘— _*

+ o+ o —-

Vi) a1 ,'\"‘ .‘\".' ! e 1)

. ‘ by

.
e e o \
Primary ‘

winding x Secondary

winding

Core
Fig 5.1: Transformer with secondary open

These assumptions ensure that the magnetization current under no load condition
is vanishingly small and can be ignored. Further, all time varying flux produced
by the primary winding will follow the magnetic path inside the core and link to
the secondary coil without any leakage. If N, and N, are the number of turns in the
primary and the secondary windings respectively, the induced emfs are
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e =N d_aﬁ
T e (5.12a)
o= N3¢
¥ (5.12b)

(The polarities are marked, hence negative sign is omitted. The induced emf is
+Vve at the dotted end of the winding.)

e _ M

& N (5.13)

I.e., the ratio of the induced emfs in primary and secondary is equal to the ratio of
their turns. Under ideal condition, the induced emf in either winding is equal to
their voltage rating.

L L
v M (5.14)

where 'a’ is the transformation ratio. When the secondary winding is connected to
a load, the current flows in the secondary, which produces a flux opposing the
original flux. The net flux in the core decreases and induced emf will tend to
decrease from the no load value. This causes the primary current to increase to
nullify the decrease in the flux and induced emf. The current continues to increase
till the flux in the core and the induced emfs are restored to the no load values.
Thus the source supplies power to the primary winding and the secondary winding
delivers the power to the load. Equating the powers

T o I
h v e N (5.16)
Further,

LN R0 (5.17)
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I.e., the net magnetomotive force (mmf) needed to excite the transformer is zero
under ideal condition.

Motional EMF:

Let us consider a conductor moving in a steady magnetic field as shown in the fig
5.2.

wanl
Fig 5.2
If a charge Q moves in a magnetic field :-§, it experiences a force
F =03 (5.18)
This force will cause the electrons in the conductor to drift towards one end and
leave the other end positively charged, thus creating a field and charge separation

continuous until electric and magnetic forces balance and an equilibrium is
reached very quickly, the net force on the moving conductor is zero.

=yx B
can be interpreted as an induced electric field which is called the
motional electric field

O =l

En=vxB (5.19)

If the moving conductor is a part of the closed circuit C, the generated emf

= 3
around the circuit is ?cv B . This emf is called the motional emf.
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5.2 Maxwell’s Displacement Current

Common thing that passes through the surface and between the capacitor plates is an
electric field. This field is perpendicular to the surface, has the same magnitude over
the area of the capacitor plats and vanishes outside it.

Hence, the electric flux through the surface is Q/gq (using Gauss’s law). Further,
since the charge on the capacitor plates changes with time, for consistency we can
calculate the current as follows:

i = g0 (dQ/dH)

This is the missing term in Ampere’s circuital law. In simple words, when we add a
term which is &, times the rate of change of electric flux to the total current carried by
the conductors, through the same surface, then the total has the same value of current
‘1’ for all surfaces. Therefore, no contradiction is observed if we use the Generalized
Ampere’s Law.

Hence, the magnitude of B at a point P outside the plates is the same at a point just
inside. Now, the current carried by conductors due to the flow of charge is called
‘Conduction current’. The new term added is the current that flows due to the
changing electric field and is called ‘Displacement current’ or Maxwell’s
Displacement current’.

Hence, the magnitude of B at a point P outside the plates is the same at a point just
inside. Now, the current carried by conductors due to the flow of charge is called
‘Conduction current’. The new term added is the current that flows due to the
changing electric field and is called ‘Displacement current’ or Maxwell’s
Displacement current’.

Displacement Current Explained

By now we understand that there are two sources of a magnetic field:

1. Conduction electric current due to the flow of charges
2. Displacement current due to the rate of change of the electric field

Hence, the total current (i) is calculated as follows: (where i, — conduction current
and iq — displacement current)

=i+ g

= i, + go(dQ/dH)

This means that —
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« OQutside the capacitor plates: i.=i and iz=0

« Inside the capacitor plates: i.=0 and ig=i

So, the generalized Ampere’s law states:

The total current passing through any surface of which the closed loop is the
perimeter is the sum of the conduction current and the displacement current.

This is also known as — Ampere-Maxwell Law. It is important to remember that the
displacement and conduction currents have the same physical effects. Here are some
points to remember:

« In cases where the electric field does not change with time, like steady electric
fields in a conducting wire, the displacement current may be zero.

« In cases like the one explained above, both currents are present in different
regions of the space.

« Since a perfectly conducting or insulating medium does not exist, in most cases
both the currents can be present in the same region.

« In cases where there is no conduction current but a time-varying electric field,
only displacement current is present. In such a scenario we have a magnetic
field even when there is no conduction current source nearby.

5.3 Faraday’s Law of Induction and Ampere-Maxwell Law

According to Faraday’s law of induction, there is an induced emf which is equal to
the rate of change of magnetic flux. Since emf between two points is the work done
per unit charge to take it from one point to the other, its existence simply implies the
existence of an electric field. Rephrasing Faraday’s law:

A magnetic field that changes with time gives rise to an electric field.

Hence, an electric field changing with time gives rise to a magnetic field. Thisis a
consequence of the displacement current being the source of the magnetic field.
Hence, it is fair to say that time-dependent magnetic and electric fields give rise to
each other
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5.4 Maxwell's Equation

Equation (5.1) and (5.2) gives the relationship among the field quantities in the
static field. For time varying case, the relationship among the field vectors written

as

vxF=-28

3t (5.20a)
VxH =7 (5.20b)
i (5.20c)
VE=0 (5.20d)
In addition, from the principle of conservation of charges we get the
equation of continuity

T, W
at (5.21)

The equation 5.20 (a) - (d) must be consistent with equation (5.21).

We observe that

VVXH=0=V.J (5.22)

Since V.V x4is zero for any vector A,
Thus ¥*& =J applies only for the static case i.e., for the scenario when
%

(2 4

A classic example for this is given below . Suppose we are in the process of
charging up a capacitor as shown in fig 5.3.
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Balloon shaped Amperian Loop

surfnce ‘ ’
A >

3

Parallel Plate Capacitor
I
I I}

Fig5.3

Let us apply the Ampere's Law for the Amperian loop shown in fig 5.3. I... = | is
the total current passing through the loop. But if we draw a baloon shaped surface
as in fig 5.3, no current passes through this surface and hence I.,. = 0. But for non
steady currents such as this one, the concept of current enclosed by a loop is ill-
defined since it depends on what surface you use. In fact Ampere's Law should
also hold true for time varying case as well, then comes the idea of displacement
current which will be introduced in the next few slides.

We can write for time varying case,

3t
W ——
=vi+lvD
3t
-v[? 2—D
£ (5.23)
R 2% < N
at (5.24)

The equation (5.24) is valid for static as well as for time varying case.

Equation (5.24) indicates that a time varying electric field will give rise to a
3D
magnetic field even in the absence of 7. The term & has a dimension of

. (A . ; :
current densities ( m )and is called the displacement current density.
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3D
Introduction of & in ¥*# equation is one of the major contributions of
Jame's Clerk Maxwell. The modified set of equations

VxZJf = -@
e (5.253)
UxH =7+ @
at (5.25b)
VD=p (5.25¢)
VE=0 (5.25d)

is known as the Maxwell's equation and this set of equations apply in the

")
time varying scenario, static fields are being a particular case (8‘ :

In the integral form

ER Edl=- L] ds

at (5.26a)

Hdi= J+— dS =1+ —dS
(P ‘[[ ‘[ (5.26b)

J‘VV.de = ?sb'.dis‘ = [, 0dv (5.26¢)

P24l (5.26d)

The modification of Ampere's law by Maxwell has led to the development of a
unified electromagnetic field theory. By introducing the displacement current
term, Maxwell could predict the propagation of EM waves. Existence of EM
waves was later demonstrated by Hertz experimentally which led to the new era of
radio communication.
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5.5 Boundary Conditions for Electromagnetic fields

The differential forms of Maxwell's equations are used to solve for the field
vectors provided the field quantities are single valued, bounded and continuous.
At the media boundaries, the field vectors are discontinuous and their behaviors
across the boundaries are governed by boundary conditions. The integral
equations (eqn 5.26) are assumed to hold for regions containing discontinuous
media. Boundary conditions can be derived by applying the Maxwell's equations
in the integral form to small regions at the interface of the two media. The
procedure is similar to those used for obtaining boundary conditions for static
electric fields (chapter 2) and static magnetic fields (chapter 4). The boundary
conditions are summarized as follows

With reference to fig 5.3

With reference to fig 5.3

a,%(E, - B;) =0 5.27(a)
a," (D~ D;)=ps 5.27(5)
a,X(Hy~Hy) =Js 5.27(c)
4, (B - B;) =0 5.27(d)

' 2
ch\l)\\ -

Fig 5.4

Equation 5.27 (a) says that tangential component of electric field is continuous
across the interface while from 5.27 (c) we note that tangential component of the
magnetic field is discontinuous by an amount equal to the surface current density.
Similarly 5.27 (b) states that normal component of electric flux density vector
D(Bar) is discontinuous across the interface by an amount equal to the surface
current density while normal component of the magnetic flux density is
continuous. If one side of the interface, as shown in fig 5.4, is a perfect electric
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Js

conductor, say region 2, a surface current can exist even though £is

zeroas9d =@
Thus egn 5.27(a) and (c) reduces to

a,¥H =Ty (5.28(a))
E=0 (5.28(2))

5.6 Wave equation and their solution:

From equation 5.25 we can write the Maxwell's equations in the differential form
as

—

Tu a8
dt

.

-~ 3B

VXE=-2
at

V- D=p

V-B=0
Let us consider a source free uniform medium having dielectric constant €,

magnetic permeability #and conductivity @. The above set of equations
can be written as

‘~T,«'><§'=a§+sE (5.29(a))
- aH

VxE==usbe (5.29())

V- E=0 (5.29(c))

V' H=0 (5.29(a))

Using the vector identity ,
VXVxA=V:(V A) -4

We can write from 5.29(b)
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VxVx§=v-(v-'E’)—v2§

aH

-—V)( ————
% ot

B - —’-- .g.
" v-(v E)-V'E ,uat(VXﬁ)

Substituting VxH from 5.29(a)
aE

V-(V- E) -V'E = -u%[a§+ L

But in source free medium V' Z = 0(eqn 5.29(c))

s L gR o G%E
V2 E = o — + e —
ot ot (5.30)

In the same manner for equation eqn 5.29(a)
UxVxH =V (V-H)-V'H
— a -—
-a(VxE)wa(VxE)

at

I
ot

a

+£5—

ot

=g

Since V' # = 0from eqn 5.29(d), we can write

*H

- aH
Vi H = yo| — |+ ue
”[az] HEl o

(5.31)

These two equations
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— aH 3*H
VY = yo| == |+ ue
H [az] ol vy

are known as wave equations.

It may be noted that the field components are functions of both space and

time. For example, if we consider a Cartesian co ordinate system, Eand#

e e

essentially represents E(x’y'z't)and H(X'y’z’t). For simplicity, we consider

propagation in free space , i.e.0 = 0,/"‘"0 and €7 % The wave eqn in
equations 5.30 and 5.31 reduces to

2""' 823

V2 E = 8, = (5.32(a))
2'—’ 82?1.

VIH = thfo |7 (5.32(b))

Further simplifications can be made if we consider in Cartesian co ordinate
system a special case where Eandf 36 considered to be independent in

two dimensions, say EandH 3re assumed to be independent of y and z.
Such waves are called plane waves.

From eqn (5.32 (a)) we can write
) )
a7

The vector wave equation is equivalent to the three scalar equations

3 (3°Z, )

Eﬁi = Gk o7 (5.33(a))
v F,

3 E, (3°F)
v y.
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3E, 3 E,
23 bk [T_] (5-33(5))

Since we have V' £ = 0,

P P8 OK (5.34)
dx dy oz

As we have assumed that the field components are independent of y and z eqn
(5.34) reduces to

9, o
o (5.35)

i.e. there is no variation of E, in the x direction.

d&,

PE
e X =)
Further, from 5.33(a), we find that o  implies which requires
any three of the conditions to be satisfied: (i) E,=0, (ii)E, = constant, (iii)E,

increasing uniformly with time.

A field component satisfying either of the last two conditions (i.e (ii) and (iii))is
not a part of a plane wave motion and hence E, is taken to be equal to zero.
Therefore, a uniform plane wave propagating in x direction does not have a field
component (E or H) acting along x.

Without loss of generality let us now consider a plane wave having E,component
only (Identical results can be obtained for E, component) .

The equation involving such wave propagation is given by
3°E, &E,
— = &t | —5- (5.36)
ax ot
The above equation has a solution of the form

Ey = f(x=vot) + fo( x+vet) (5.37)
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1

Vg
where Hobo
Thus equation (5.37) satisfies wave eqn (5.36) can be verified by
substitution.
fl(x_vO‘)corresponds to the wave traveling in the + x direction while

Sa(x+vgt)

corresponds to a wave traveling in the -x direction. The general solution of the
wave egn thus consists of two waves, one traveling away from the source and
other traveling back towards the source. In the absence of any reflection, the
second form of the egn (5.37) is zero and the solution can be written as

E = Alx-w) (5.38)

Such a wave motion is graphically shown in fig 5.5 at two instances of time t,and
to.

filx - vaty)

Y

Jilx = votz)
t=4

>
X

L_Vo (& —4)—>

Fig 5.5 : Traveling wave inthe + x direction

Let us now consider the relationship between E and H components for the forward
traveling wave.
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Since only z component of vx_E.exists, from (5.29(b))

08, _ oH
e ST,
“ dt

dx (5.39)

and from (5.29(a)) with @ =0, only H, component of magnetic field being
present

dx a (5.40)

Substituting E, from (5.38)

oH dE '
a; saa 6_: = gy (x~wt)
dH 1

E

'
o

=g (x=vyt
™ Om-fi(x Vot
; - |80 P

Ao \[;J'f, (x=vyt)dx +c
- Bl

\[:(’Iaxf,dx+c
=\[§fl+c

Ha

’S
H = [LF +¢
5 m y

The constant of integration means that a field independent of x may also exist.
However, this field will not be a part of the wave motion.
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H, - J:E
[ y
Hence 2 (5.41)

which relates the E and H components of the traveling wave.

5_ &

zy=—== |2 =120 or 377Q
Hx \jgo

Hy
2 = —
; \[;

Is called the characteristic or intrinsic impedance of the free space

5.7 Time Harmonic Fields

So far, in discussing time varying electromagnetic fields, we have
considered arbitrary time dependence. The time dependence of the field quantities
depends on the source functions. One of the most important case of time varying
electromagnetic field is the time harmonic (sinusoidal or co sinusoidal) time
variation where the excitation of the source varies sinusoidal in time with a single
frequency. For time-harmonic fields, phasor analysis can be applied to obtain
single frequency steady state response. Since Maxwell's equations are linear
differential equations, for source functions with arbitrary time dependence,
electromagnetic fields can be determined by superposition. Periodic time functions
can be expanded into Fourier series of harmonic sinusoidal components while
transient non-periodic functions can be expressed as Fourier integrals. Field
vectors that vary with space coordinates and are sinusoidal function of time can be
represented in terms of vector phasors that depend on the space coordinates but not
on time. For time harmonic case, the general time variation is ¢ and for a cosine
reference, the instantaneous fields can be written as:

E(x,y.z,61=Re [E(I,}’,Z)E‘M] (5.42)

where £(%.2.2) s 3 vector phasor that contain the information on direction,
magnitude and phase. The phasors in general are complex quantities. All time
harmonic filed components can be written in this manner.
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The time rate of change of £ can be written as:

aé(x,y,z,.t)

% = Re[jmﬁ(x,y,z)ej"”:l

(5.43)

Thus we find that if the electric field vector E(x.7.2.1) js represented in the
_ AE(x, v, 2,5
phasor form as Z(®>.2)  then #  can be represented by the
phasor J@E(x.%.2)  The integral | Bz,
Bz, y.z)

phasor /¢ . In the same manner, higher order derivatives and integrals with
respect totcan be represented by multiplication and division of the

phasor £(x.3.2) by higher power of /. Considering the field phasors - and

source phasors “*) in a simple linear isotropic medium, we can write the
Maxwell's equations for time harmonic case in the phasor form as:

can be represented by the

Vx &= jaoud (5.443)
Vx H = j+jm€.§f (5.44b)
vE=E
@ (5.44c)
VH=0 (5.44d)

Similarly, the wave equations described in equation (5.32) can be written as:
ViE= yg e E=—at e B
2 2
or VETGE=D (5.453)
And in the same manner, for the magnetic field

VIH+EE =0

where %o =& s called the wave number
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UNIT V

PLANE ELECTROMAGNETIC WAVES

Plane EM Wave in a Lossy and Lossless Media:

VxH =J+ jwsE = oF + joweE = joo(e — | 2)E = jowe E ¢, e jZ=c—je.
1) o
Similarly, g, = — ju’

oo
Complex wave number: k., = @,/ g, . Loss tangent: tans, = 3/5 =—
ws

Propagation constant: y = jK, = joJus, =a+ jf = ja),/,ug(1+_i)%
jwe

Eoxce” =g l? =g g}

If the medium is lossless, a=0; else if the medium is lossy, a>0.

2
Phase constant: f=—

A
p =QJE[ 1+(2)2 1%, ﬂ=w\/E[,/1+(i)2 +1)%
2 wE 2 wE

) . 1
Case 1 Low-loss Dielectric: —— <<1=> a ~ g,/ﬁ , = a),/,ug[(l+—(£)2]
we 2 V¢ 8 we

Intrinsic impedance: 77, = \/Z(1+ i—)
£ 20w

w 1 1

P Jue, ue
Case 2 Good Conductor: 2 >>1=>a = = 1/%20 = fuo
we

gc o O o
Phase velocity: v, N 20
B \uo

1 1
Skin Depth (depth of penetration): 6 = — =

a ,/ﬂfua'

Phase velocity: v, = [1—%(i)2]

For a good conductor, & = i ~ i
a 27
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Eg. E(t,z) = K100cos(10” zt) V/m at z=0 in seawater: &=72, u,=1, 6=4S/m. (a) Determine a,

B, vy, and n.. (b) Find the distance at which the amplitude of E is 1% of its value at z=0. (c)
Write E(z,t) and H(z,t) at z=0.8m, suppose it propagates in the +z direction.

(Sol.) @ =10" 7, f=5x10°Hz, ol/weqe,=200>>1, .. Seawater is a good conductor in this case.

(@) a=duc =889INp/m=p, n. =1+ ]) /@
(o2

=3.53x10°m/s, A :%[:0.707m, 6:l =0.112m
a

Vp:

SRS

(b)ye” =001l=z= 1 In(100) = 0.518m
o

(c) E(z,t) = Re[E(z)e'”*] = X100e* cos(awt — fz)
z =0.8m = E(0.8,t) = K100e ** cos(at —0.83) = X0.082cos(10” 2t —7.11)

H(0.8,1) =iz§1n x E(0.8,t), H(0.8,t) = 9Re[mej“"] = §0.026 cos(10’ 7t —1.61)
n

Cc
Eg. The magnetic field intensity of a linearly polarized uniform plane wave propagating in
the +y direction in seawater £=80, =1, 6=4S/m is H = )?O.lsin(lo“’;zt—%) Alm. (a)

Determine the attenuation constant, the phase constant, the intrinsic impedance, the phase
velocity, the wavelength, and the skin depth. (b) Find the location at which the amplitude of
H is 0.01 A/m. (c) Write the expressions for E(y,t) and H(y,t) at y=0.5m as function of t.

(Sol.) (a) o/we=0.18<<1, .". Seawater is a low-loss dielectric in this case.

>« zg\/z =83.96Np/m 7, z\/z(l+ ji) = 4].8¢0028%
2 Ve & 20e

ﬂza)q/ﬂé‘[(l—i-%(i)z]:C%OOﬂ, v, =2 =333x10'm/s, s=1
[}

a
1= _667x10°m
B

=1.19x107%m,

SRS

0.01
by e ™™ =—=
(b) 01

=y= lInlO =2.74x107°m

a
(©) H(y,t) = %0.1e™ sin(10"°t — fy — %) .y =05, =3007
— H(0.5,t) = £5.75x 10 sin(10*° 2t —%)

a, =9 =E(05,t) =4, xH(0.5,t) = 22.41x10™*sin(10"° 2t — % +0.02837)

Eg. Given that the skin depth for graphite at 100 MHz is 0.16mm, determine (a) the
conductivity of graphite, and (b) the distance that a 1GHz wave travels in graphite such that
its field intensity is reduced by 30dB.
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1

JAuo

(b) At f=10°Hz, o = \/dfuo =1.98x10*Np/m

(Sol.) (a) & = =0.16x10"° = 0 =0.99x10°S/m

15
alog,,e

Eg. Determine and compare the intrinsic impedance, attenuation constant, and skin depth
of copper 6,,=5.8x10'S/m, silver 6,,=6.15x10'S/m, and brass 6,,=1.59x10’S/m at following
frequencies: 60Hz and 1GHz.

(Sol) a = \/dfuc, 523, f =05, 7, =+ )=
a o

=1.75x10"*m

—30(dB) = 20log,,e ™ =z =

Copper: 60Hz=> 77, = 2.02(1+ j)x10°Q, a =1.17x10°Np/m, & =8.53x10°m
1GHz=> 7, =8.25(1+ j)x10°Q, & = 4.79x10°Np/m, & = 2,09x10°m

Group velocity:

y—to__1

¢ dB dBldw

E(t,z) = E, cos[(w + Aw)t — (B + AB)z] + E, cos[(w — Aw)t — (B — AB)Z]
= 2E, cos(tAw — zAf) cos(at — pz)

LettAa)—zAﬂ=constant:vg:%:A—w: 2 :d—w: L
d AS Af/IAw dp dpldw
dvp dvp
Eg. Show that v, =v, +ﬂw and v, =V, —/la
w do de
Proof) V. =—, o=V [, V, =—=V_+ [——
( f) p ﬂ Pﬂ 9 dﬂ p ﬂdﬂ
27 B y) dVp
VB =—, BA=27x, M+l =0=>"=—"" V =V —A—
p=— pr=am G+ g~ di e Tz
Poynting vector and Theorem:
P=ExH
=_ 0B _ . .® )= A (VXE)—E.(VxH) --a.B_g.®D £
VxE = o VXH,HE:V(E H)=H-(VxE)-E-(VxH)=-H 3 E = E-J
~o(H) - (L) = - .1 a2, 8.1 jp2 2
:—H-%—E-T—E-J I—a(iﬂ‘H‘ )—a(ag‘E‘ )- o]

{:f(‘xH).ds*:j{jv.(éxH)dv:-%jﬂ(g\éf +§‘I—_|‘2)dv—ﬂv]o-‘ﬁ‘2dv

S
—P=ExH isthe electromagnetic power flow per unit area.
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Instantaneous power density: P(z,t) = Re[E(z)e'”]x Re[H(z)e'*]

set E(2) = KE, (2) = RE,e 9% = Fi(2) = 1[4, x E(2)] = 9|E—Te-m e )
7 Y

. E(z,t) =Re[E(z)e "] = RE,e ™ cos(at — )

H
= P(z,t) = E(z,t)x H(z,t) = Re[E(2)e*]x Re[H (2)e ]
=7 E| || “%[cos 6, +cos(2et - 2520, )] «|E,|*
2n

and H(z,t) =Re[H (2)e!*] = y e cos(awt - fz-0,)

Average power density: P, = % Re(ExH")

2
P, %L P(z,t)dt =2 2|°|| e cosd,, where T is the period. And it can be proved that
n
_ 1 Lk
P = REEXH)

Eg. Show that I5(z,t) of a circularly—polarized plane wave propagating in a lossless

medium is a constant.
(Sol.) Assuming right—hand circularly—polarized plane wave, &, = 2

E(z,t) = E,[Xcos(at — fBz) + §sin(et — £z)]
H (z,t)= E(éln X E) = E[—)A(Sin(a)t — fzr) + y cos(at — fz)]
n n

2

B(z,t) = E(z,t)x A(z,t) = 20
n

Eg. The radiation electric field intensity of an antenna system is E = 4,E, + a,E,, find the

expression for the average outward power flow per unit area.

) i} E, . E
(Sol) &, =4, H = (a4, xE)= (-4, * +4, =2
7 oy
E * 1

1 ES R 2
:ERe(ExH )_—Re[(agE +8,E,)x (-4, a¢7€)]:2—nar(Eg|2+‘E¢‘ )

n
Eg. Find P on the surface of a long, straight conducting wire of radius b and conductivity o

that carries a direct current I. Verify Poynting’s theorem.
I 2

4 -
" 207 ’h®

—ExH =

q
3
%W-

=1°R

Normal Incidence Plane Wave Reflection and Transmission at Plane at Plane Boundaries
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Introduction

Why is there a need to study the reflection and transmission properties of plane waves when
incident on boundaries between regions of different electric properties? Perhaps you had no idea
that we experience this topic daily in our lives. For instance, when you try and make a call on
your cell phone and you are downtown amongst all those tall buildings. Will you always have
great reception? When the hot sun penetrates your window it can quickly heat up your room, but
maybe you have blinds, curtains, or tinted material to prevent some of that intense heat. For those
of you that wear glasses, you know what happens when you get your picture taken; that annoying
glare from those glasses. What about a light ray on the surface of a mirror? A reflection can be
seen and some of that ray will penetrate the glass.

This chapter focuses on the reflection and transmission properties related to one-dimensional
problems that have normal-incident plane waves converging on infinite plane interfaces that will
separate two or more different media.

The Figure illustrates the geometry of the positive z propagating plane wave that is normally
incident on a plane interface between regions 1 & 2.

Region 1 Region 2
E (51'/“11'61) E' (gz’luz'o-Z)
H' . H' a
Er E X
oFy >
HI’

Normal Incidence Plane Wave Reflection and Transmissions at Plane
Boundary Between Two Conductive Media

The electric and magnetic fields related to the incident wave are given by the following:

E. =E e’

"

I:Ii — he*};lz
y ~
i

* Note: (i) incident, (m;) medium 1, (y;) propagation constant in region 1, (n1) wave
impedance in region 1, (z) direction of propagating wave
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The complex propagation constant in region 1 is y =a,+]f,. *Note: aand f are the real and
imaginary parts respectively. The propagation constant y is that square root of y¥* whose real and
imaginary parts are positive:

y=a+jp

With a=w_ |— | .1+ — | -1
2 s

p=w %g[ l+(i}2+1]

The wave impedance as defined in chapter 2 as the ratio between the electric and magnetic fields
is

. “ 1
E H & ()

Hy (8 .o ) - 2 €

we
The wave impedance 7 in a conductive medium is a complex number meaning that the electric
and magnetic fields are not in phase. The phase velocity will be less than the velocity of light v,
<. The wavelength A in the conductive medium will be shorter than the wavelength A, in free

space at the same frequency, A = 21/f < A,. The factor e =% Z will attenuate the magnitudes of
both E and H as they propagate in the +z direction.
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Figure 5.2 The electric field associated with a plane wave
propagating along the positive z direction.

What happens when this wave hits the boundary?
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Some of the energy related to the incident wave will transmit across the boundary surface at z=0
in region 2, therefore providing a transmitted wave in the +z direction in medium 2. The
following are the electric and magnetic fields related to the transmitted wave:

A ~ .
E,=E,, e’
O+
I:It __—m2 e—fzz

>
* Note: (t) transmitted wave

Recall Maxwell’s equations:

V/\H=(g+ ja)E

VAE =B
V.E=0
V-H=0

The Wave equation for H:

52H+52H+52H_
>Ax: oyr o071

y*H
For now, let’s look at the simplest system, that consisting of a plane wave of coordinate z.

d’H
dZZ :7H

Therefore, according to the wave equation as noted above, equations satisfy Maxwell’s equations.
If the amplitude of the transmitted wave ]::;12 is unknown then boundary conditions at the
interface z = 0 separating the two media must be satisfied.
Good conductors are often treated as if they were perfect conductors. Metallic conductors such as
copper have a high conductivity 6 = 6 * 10" S/m, however, only superconductors have infinite
conductivity and are truly perfect conductors.
e Static (time independent)
n-Di=ps
n-(B;-By=0
NAE;=0
nA(H,-H,) =0
* Subscripts denote the conducting medium.

Characteristics of static cases:
1. Electrostatic field inside a good conducting medium is zero. Free charge can
exist on the surface of a conductor, thus making the normal component of D
discontinuous being zero inside the conductor and nonzero outside. The
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tangential component of E just inside the conductor must be zero even if the
surface is charged.

2. The electric and magnetic fields in the static case are independent. A static
magnetic field can therefore exist inside a metallic body, even though an E field
cannot. The normal component of B and the tangential components of H are
therefore continuous across the interface.

For time-varying fields, the boundary conditions for good (perfect) conductors are:

e Time —varying fields (time dependent)

n-D=0
n-B=0
nNAE =0
nAH=J;

The subscripts have been deleted because in this case the only nonvanishing fields are those
outside the conducting body.

I:th & l:j'x are tangential to the interface therefore the boundary conditions will require these

fields be equal at z = 0. Equatel:jtX &I:ZiX ,and set z=0. *Note: (t) is transmitted wave, (i)
incident wave. The result will be

ﬁ;ﬂ = ]:Z;Z *Note: (m) medium, (+) transmitted wave (5.3

PAI‘y & PAI'y are also tangential to the interface, so by applying the same procedure as above
you will notice that it is impossible to satisfy the magnetic field boundary conditions

ifn, #n,.

We can then, include a reflected wave in region 1 traveling away from the interface, or in
other words in the —z direction. Only part of the energy related to the incident wave will be
transmitted to region 2 because of the process the incident fields must encounter prior to

crossing the boundary. The fields left behind during this process will in fact be the reflected
wave.

The electric and magnetic fields related to the reflected wave are

OF - A-7i2
Ex_Emle '
(5.4)
I:I;:_]?;l e*};lz
Un

Note: (r) reflected wave, (-) wave traveling in the —z direction

A

r
X

E N
Equation (5.4) is related by q =— 1, because the reflected wave is traveling in the —z

r
y

direction and the Poynting vector E A H will be in the -a, direction. To satisfy the boundary
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conditions for the tangential electric field, z=0. This is important because the basic model
assumes three waves = incident, reflected and transmitted:

(B + B Jemo= Bl emo

This can be simplified, by adding the E field transmitted to the E field reflected of
medium 1 with a result equal to the E field transmitted wave of medium 2:

E' +E  =E" (5.5)
ml ml m2

*Note: We can model the system as three waves = incident, reflected and transmitted.
Boundary conditions must be met for the E field as well as the H field. Waves have both E & H

fields- @ *E=n * H.
Similarly, enforcing the continuity of the tangential magnetic field at z = 0,

ng +H;1 :ngz

Therefore,
E:lrﬂ _Eal :E$2 (5 6)
n, 11 N,

n
m2?

To solve forE
is:

multiply equation (5.6) by 77 ,and add the result to equation (5.5). The result

ErJTr12= Zﬁz
E;l 771+772

=T (5.7)

The transmission coefficient T is the ratio of the amplitudes of the transmitted to the incident
fields:

T= — 12— (5.8)

The amplitude of the reflected wave can be solved for by multiplying equation (5.6) by 77, and
subtracting the result from equation (5.5) for a result of:

B —fr T2 (5.9)
n,+1,

The reflection coefficient I is the ratio of the amplitudes of the reflected and incident electric
fields given by:

== (5.10)

From equations (5.8) & (5.10), note that the reflection and transmission coefficients are
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related by1+f“ =T.

EXAMPLES:
An H field travels in the —a, direction in free space with a phaseshift constant () of

1
30.0 rad/m and an amplitude of Y A/m. If the field has the direction —a, whent=0and z = 0,
T

write suitable expressions for E and H. Determine the frequency and wavelength.

In a medium of conductivity o, the intrinsic impedance m, which relates E and H, would
be complex, and so the phase of E and H would have to be written in complex form. In free
space the restriction is unnecessary. Using cosines, then

1
H(z,t)= ———cos(wt +f2)
3z
For propagation on -z,

E
H

~=-p, =-1207 Q Or E, =+40cos(wt+ f2) (\%n)

y

Thus E(z,t) = 40cos(a@t +,Bz)(V/m)

Since =30 ra%

2 T 8
_ T 3%10° 45
A = ,B_lsm fz%z o ="10° Hz
P

Determine the propagation constant y for a material having 4 =1,¢ =8, ando=0.25pS/m,
if the wave frequency is 1.6MHz.

In this case,

o 0.25%107* 9
— = ~107° =0

we  27(16%10°)(8)(107°/367)

So that

Vit &

&
a=0 BroJus =27szr=9.48*1o-2 rad/m

Andy =a + jB ~j9.48+%107° m™. The material behaves like a perfect dielectric at the given
frequency. Conductivity of the order 1pS/m indicates that the material is more like an insulator
than a conductor.

5.3 Normal Incidence Plane-Wave Reflection at Perfectly conducting Plane

Special case (analysis of material presented in section 5.2)

10
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Assumptions-(region 2) perfect conductor o > — oo, wave impedance
_ M2

=0, as 6, o, (5.11)

To simplify the standing wave analysis, assume that region 1 is a perfect dielectric o; = 0.
Using substitution: take equation (5.11) in the reflection and transmission coefficient
expressions in equations (5.8) and (5.10) in order to obtain

T=0, =-1

The zero value of the transmission coefficient simply means that the amplitude of the transmitted
field in region 2 is E;Z = 0. This can be explained in terms of the following:

e The depth of penetration parameter is zero in a perfectly conducting region,
(Chapter 3, p. 241). Therefore, there will be no transmitted wave in a perfectly
conducting region, because of the inability of time-varying fields to penetrate media with
conductivities converging toward infinity.

e Only the incident and reflected fields will be present in region 1.

ForT =-1,

e  The amplitude of the reflected wave is]é;]1 = — E;l. The reflected wave is

therefore equal in amplitude and is opposite in phase to the incident wave. This simply
means that the entire incident energy wave is reflected back by the  perfect conductor.
e The combination of the two fields meets the boundary condition at the surface of the
perfect conductor.

This can be illustrated by examining the expression for the total electric field E* (z) in
region 1, which is assumed to be a perfect dielectric (i.e., a; = 0)

E® (2)=E'(2) +E" (2)=E/, e #?a, + E_ e h’a

Substituting E, = —E ", for a result of:

ml?

fo (z):l:j;l( o A _ejﬂlz)a

=-2j—2j]§;lsin(ﬂlz) sinmta, (5.12)

X

Note: The total electric field is zero at the perfectly conducting surface (z = 0) meeting the
boundary condition.

To study the propagation characteristics of the compound wave in front of the perfect
conductor, we must obtain the real-time form of the electric field.

11
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Step 1: Multiply the complex form of the field in equation (5.12) by '
Step 2: Take the real part of the resulting expression

E™ (z)=Ree™ [E“’t (z)]
=2 sin(ﬁlz) sinowt a, (5.13)

In equation (5.13) the amplitude of the electric field was assumed real I:Z'nﬁl. Our objective is
then to complete the following step:

Step 3: Show that the total field in region 1 is not a traveling wave, although it
was obtained by combining two traveling waves of the same frequency
and equal amplitudes of which are propagating in the opposite direction.

Figure 5.2 shows a variation of the total electric field in equation (5.13) as a function of z at
various time intervals.

Perfect Conductor

ot = 3n/2
<ot <31/2 °—®
- -~ e o
\ /7 N\ PR ///’\\\ //‘§\\ "'\"-'ZEml
-7 TN e 4 YW
Ayt eager g LS N »
W A WA
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—2Em1

s
0<ot<n/?2

ot =m1/2

Figure 5.2b The variation of the total electrig field in front of the
perfect conductor as a function of z and at various fime intervals ®f.

From figure 5.2 you can make the following observations:
1. o =0, indicating that the total field meets the boundary condition at all times.

2. The total electric field has maximum amplitude twice that of the incident wave.
The maximum amplitude occurs at z=A/4, at z = 3\/4, etc., when ot = /2, ot =
3n/2, etc. happening when both the incident and reflected waves constructively
interfere.

3. When z=2A/2, z=2, z=3M\/2, etc., in front of the perfect conductor the total
electric field is always zero. This is happening when the two fields are going
through destructive interference process for all values of t, also known as null
locations.

12
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4. The occurrence of the null and constructive interference locations do not change
with time. The only thing that changes with time is the amplitude of the total
field at nonnull locations. Therefore, the wave resulting from the interference of
the two waves is called “standing waves”.

It should also be emphasized that the difference between the electric field expressions for the
traveling and standing waves. For a traveling wave, the electric field is given by:

E(z,t)=E,, cos(wt—p)a,

The term (wt—/f,z) or @ (t — z/v,) emphasizes the coupling between the location as a

function of time of a specific point (constant phase) propagating along the wave.

It also indicates with an increase in t, z should also increase in order to maintain a constant
value of (t —z/v,), and it characterizes a specific point on the wave. This means that a wave
with an electric field expression which includes cos (ot — 3,z ) is a propagating wave in the
positive z direction. The time t and location z variables are uncoupled in equation (5.13), or
in other words, the electric field distribution as a function of z in front of the perfect

conductor follows a sin (ﬂlz) variation, with the locations of the field nulls being those values

of z at which sin (,6’12) =0

The sin (ot) term modifies the amplitude of the field allowing a variation of a function of
time located at the nonzero field locations as illustrated in Figure 5.2.

By finding the values of (,Blz) the permanent locations of the electric field nulls can be
determined, thus making the value of the field zero. So, from equation (5.12) we can see that
E®(2)=0atpB z=nzr (n=0,+1,%2,....

27
Therefore, I=—11=Nrx
Ay
ﬂ’ 1
Or z:n7 (5.14)

This simply shows that E© (2)=0 is zero at the boundary z = 0, and at every half
wavelength distance away from the boundary in region 1 which is illustrated in Figure (5.2).

Total Magnetic Field Expression:

A =H'(z)+H' (z)= ( e ——"‘lejﬂlzj a,
7, 1
The minus sign in the reflected magnetic field expression is simply because for a -z
propagating wave the amplitude of the reflected magnetlc field is related to that of the

reflected electric field by (—77,). Substituting E Eml yields:

O+
H" () =%(e’jﬁ1Z +elit)a
1

y

13
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= 2—" cos B, za, (5.15)

7,

The time-domain magnetic field expression is obtained from equation (5.15) as:

A

~ E*
tot ml
H" (z,t) = 2 cosf,za, cosmt a, (5.16)
1
~ 0 <ot<n/2 Perfect
\\ //_\\ ot= O
Conductor
A Z
+
Em3
z=0

Figure 5.3 The magnetic field distribution in front of a perfect conductor as a function of
time.

Equation 5.16 is also a standing wave as illustrated in Figure 5.3, with the maximum
amplitude of the magnetic field occurring at the perfect conductor interface (z = 0) where the
total electric field is zero. The location of nulls in the magnetic field are where the values of

zatcos 3,z =0, therefore,

A
B,z = odd number of 2:(2m+1)§ (m=0,£1,%+2,... orz=(2m+1)T1

The magnetic field distribution in front of a perfectly conducting boundary is illustrated in
Figure 5.3, where we can observe that its first null occurs at

z=A,/4. Thisis the location of the maximum electric field (see Figure 5.2). By
comparison, equations (5.13) & (5.16) shows that the electric and magnetic fields of a
standing wave are 90° out of time phase due to the sin(wt) term and cos(wt), respectively.
This will result in a zero average power transmitting in either direction of the standing wave.
This can be illustrated by using the complex forms of the fields to calculate the time-average
Poynting vector Py, (2):

14
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P.. (z):%[ReE @) ~H(@2)]

1 . . E.
=5 Re|-2jEysinp;za, A2—"1c0s 3, zay}
UR

=0 (5.18)

The zero value of P,, (z) is obtained because the result of the vector product of is a

E (2) A (2) is an imaginary number. This zero value of average power transmitted by this

wave is yet another reason for calling the total wave in front of the perfect conductor a
“standing wave.”

Examples:
In free space E(z,t)=50cos(w t —fz)a, (V/m).Obtain H (z, t).

Examination of the phase, wt-fz, shows that the direction of propagation is +z, since E x H
must also be in the +z direction, H must have the direction —a,. Consequently,

3 sin(wt—p4z) A/m

5 12070 Or H. -2
TR I * 1207

X
3

10
And H =4
(z.1) 1207

sin(wt—pz)a, A/m

For the wave of the problem above determine the propagation constant vy, given that the
frequency is f = 95.5MHz.

In general, y = jo u(\Jo + jo &) . In free space, 6 = 0, so that

2z f  27(955%10°

c J 3108

y=lou, g =]

=joym™

This result shows that the attenuation factor is a = 0 and the phase-shift constant is
B =2.0 rad/m.

15
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