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UNIT-IV 

TIME-VARYING FIELDS AND MAXWELL’S EQUATION 

 

5.1Introduction 

 In our study of static fields so far, we have observed that static electric 

fields are produced by electric charges, static magnetic fields are produced by 

charges in motion or by steady current. Further, static electric field is a 

conservative field and has no curl, the static magnetic field is continuous and its 

divergence is zero. The fundamental relationships for static electric fields among 

the field quantities can be summarized as: 

 

In this chapter we will consider the time varying scenario. In the time 

varying case we will observe that a changing magnetic field will produce a 

changing electric field and vice versa. 

  

We begin our discussion with Faraday's Law of electromagnetic induction 

and then present the Maxwell's equations which form the foundation for the 

electromagnetic theory. 
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4.1 Faraday's Law of electromagnetic Induction 

 Michael Faraday, in 1831 discovered experimentally that a current was 

induced in a conducting loop when the magnetic flux linking the loop changed. In 

terms of fields, we can say that a time varying magnetic field produces an 

electromotive force (emf) which causes a current in a closed circuit. The 

quantitative relation between the induced emf (the voltage that arises from 

conductors moving in a magnetic field or from changing magnetic fields) and the 

rate of change of flux linkage developed based on experimental observation is 

known as Faraday's law. Mathematically, the induced emf can be written as 

 

 (a)     time changing flux linkage a stationary closed path. 

 (b)    relative motion between a steady flux a closed path. 

 (c)     a combination of the above two cases. 

 The negative sign in equation (5.3) was introduced by Lenz in order to 

comply with the polarity of the induced emf. The negative sign implies that the 

induced emf will cause a current flow in the closed loop in such a direction so as 

to oppose the change in the linking magnetic flux which produces it. (It may be 

noted that as far as the induced emf is concerned, the closed path forming a loop 

does not necessarily have to be conductive). 

 If the closed path is in the form of N tightly wound turns of a coil, the 

change in the magnetic flux linking the coil induces an emf in each turn of the coil 

and total emf is the sum of the induced emfs of the individual turns, i.e., 
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which is the Faraday's law in the point form 

We have said that non-zero dϕ/dt can be produced in a several ways. One 

particular case is when a time varying flux linking a stationary closed path induces 

an emf. The emf induced in a stationary closed path by a time varying magnetic 

field is called a transformer emf . 

 Example: Ideal transformer 

 As shown in figure 5.1, a transformer consists of two or more numbers of coils 

coupled magnetically through a common core. Let us consider an ideal 

transformer whose winding has zero resistance, the core having infinite 

permittivity and magnetic losses are zero. 

 

These assumptions ensure that the magnetization current under no load condition 

is vanishingly small and can be ignored. Further, all time varying flux produced 

by the primary winding will follow the magnetic path inside the core and link to 

the secondary coil without any leakage. If N1 and N2 are the number of turns in the 

primary and the secondary windings respectively, the induced emfs are 
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(The polarities are marked, hence negative sign is omitted. The induced emf is 

+ve at the dotted end of the winding.) 

 

i.e., the ratio of the induced emfs in primary and secondary is equal to the ratio of 

their turns. Under ideal condition, the induced emf in either winding is equal to 

their voltage rating. 

 

where 'a' is the transformation ratio. When the secondary winding is connected to 

a load, the current flows in the secondary, which produces a flux opposing the 

original flux. The net flux in the core decreases and induced emf will tend to 

decrease from the no load value. This causes the primary current to increase to 

nullify the decrease in the flux and induced emf. The current continues to increase 

till the flux in the core and the induced emfs are restored to the no load values. 

Thus the source supplies power to the primary winding and the secondary winding 

delivers the power to the load. Equating the powers 
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i.e., the net magnetomotive force (mmf) needed to excite the transformer is zero 

under ideal condition. 

  

Motional EMF: 

 Let us consider a conductor moving in a steady magnetic field as shown in the fig 

5.2. 

  

 

This force will cause the electrons in the conductor to drift towards one end and 

leave the other end positively charged, thus creating a field and charge separation 

continuous until electric and magnetic forces balance and an equilibrium is 

reached very quickly, the net force on the moving conductor is zero. 

 

 

STUCOR

STUCOR

www.EasyEngineering.netSTUCOR A
PP

DOWNLOADED FROM STUCOR APP

DOWNLOADED FROM STUCOR APP



5.2 Maxwell’s Displacement Current 

Common thing that passes through the surface and between the capacitor plates is an 

electric field. This field is perpendicular to the surface, has the same magnitude over 

the area of the capacitor plats and vanishes outside it. 

Hence, the electric flux through the surface is Q/ε0 (using Gauss’s law). Further, 

since the charge on the capacitor plates changes with time, for consistency we can 

calculate the current as follows: 

i = ε0 (dQ/dt) 

This is the missing term in Ampere’s circuital law. In simple words, when we add a 

term which is ε0 times the rate of change of electric flux to the total current carried by 

the conductors, through the same surface, then the total has the same value of current 

‘i’ for all surfaces. Therefore, no contradiction is observed if we use the Generalized 

Ampere’s Law. 

Hence, the magnitude of B at a point P outside the plates is the same at a point just 

inside. Now, the current carried by conductors due to the flow of charge is called 

‘Conduction current’. The new term added is the current that flows due to the 

changing electric field and is called ‘Displacement current’ or Maxwell’s 

Displacement current’. 

Hence, the magnitude of B at a point P outside the plates is the same at a point just 

inside. Now, the current carried by conductors due to the flow of charge is called 

‘Conduction current’. The new term added is the current that flows due to the 

changing electric field and is called ‘Displacement current’ or Maxwell’s 

Displacement current’. 

Displacement Current Explained 

By now we understand that there are two sources of a magnetic field: 

1. Conduction electric current due to the flow of charges 

2. Displacement current due to the rate of change of the electric field 

Hence, the total current (i) is calculated as follows: (where ic – conduction current 

and id – displacement current) 

i = ic + id 

= ic + ε0(dQ/dt) 

This means that – 
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 Outside the capacitor plates: ic=i and id=0 

 Inside the capacitor plates: ic=0 and id=i 

So, the generalized Ampere’s law states: 

The total current passing through any surface of which the closed loop is the 

perimeter is the sum of the conduction current and the displacement current. 

This is also known as – Ampere-Maxwell Law. It is important to remember that the 

displacement and conduction currents have the same physical effects. Here are some 

points to remember: 

 In cases where the electric field does not change with time, like steady electric 

fields in a conducting wire, the displacement current may be zero. 

 In cases like the one explained above, both currents are present in different 

regions of the space. 

 Since a perfectly conducting or insulating medium does not exist, in most cases 

both the currents can be present in the same region. 

 In cases where there is no conduction current but a time-varying electric field, 

only displacement current is present. In such a scenario we have a magnetic 

field even when there is no conduction current source nearby. 

5.3 Faraday’s Law of Induction and Ampere-Maxwell Law 

According to Faraday’s law of induction, there is an induced emf which is equal to 

the rate of change of magnetic flux. Since emf between two points is the work done 

per unit charge to take it from one point to the other, its existence simply implies the 

existence of an electric field. Rephrasing Faraday’s law: 

A magnetic field that changes with time gives rise to an electric field. 

Hence, an electric field changing with time gives rise to a magnetic field. This is a 

consequence of the displacement current being the source of the magnetic field. 

Hence, it is fair to say that time-dependent magnetic and electric fields give rise to 

each other 
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 5.4 Maxwell's Equation 

  

Equation (5.1) and (5.2) gives the relationship among the field quantities in the 

static field. For time varying case, the relationship among the field vectors written 

as 

 

 

The equation 5.20 (a) - (d) must be consistent with equation (5.21).  

We observe that  

 
 

 

 

A classic example for this is given below . Suppose we are in the process of 

charging up a capacitor as shown in fig 5.3. 

STUCOR

STUCOR

www.EasyEngineering.netSTUCOR A
PP

DOWNLOADED FROM STUCOR APP

DOWNLOADED FROM STUCOR APP



 

Let us apply the Ampere's Law for the Amperian loop shown in fig 5.3. Ienc = I is 

the total current passing through the loop. But if we draw a baloon shaped surface 

as in fig 5.3, no current passes through this surface and hence Ienc = 0. But for non 

steady currents such as this one, the concept of current enclosed by a loop is ill-

defined since it depends on what surface you use. In fact Ampere's Law should 

also hold true for time varying case as well, then comes the idea of displacement 

current which will be introduced in the next few slides. 

  

We can write for time varying case, 
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The modification of Ampere's law by Maxwell has led to the development of a 

unified electromagnetic field theory. By introducing the displacement current 

term, Maxwell could predict the propagation of EM waves. Existence of EM 

waves was later demonstrated by Hertz experimentally which led to the new era of 

radio communication. 
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5.5 Boundary Conditions for Electromagnetic fields 

The differential forms of Maxwell's equations are used to solve for the field 

vectors provided the field quantities are single valued, bounded and continuous. 

At the media boundaries, the field vectors are discontinuous and their behaviors 

across the boundaries are governed by boundary conditions. The integral 

equations (eqn 5.26) are assumed to hold for regions containing discontinuous 

media. Boundary conditions can be derived by applying the Maxwell's equations 

in the integral form to small regions at the interface of the two media. The 

procedure is similar to those used for obtaining boundary conditions for static 

electric fields (chapter 2) and static magnetic fields (chapter 4). The boundary 

conditions are summarized as follows 

  

With reference to fig 5.3 

  

Equation 5.27 (a) says that tangential component of electric field is continuous 

across the interface while from 5.27 (c) we note that tangential  component of the 

magnetic field is discontinuous by an amount equal to  the surface current density. 

Similarly 5.27 (b) states that normal  component of electric flux density vector 

D(Bar) is discontinuous across the interface by an amount equal to the surface 

current density while normal  component of the magnetic flux density is 

continuous.  If one side of the interface, as shown in fig 5.4, is a perfect electric   
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5.6 Wave equation and their solution:  

From equation 5.25 we can write the Maxwell's equations in the differential form 

as  
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As we have assumed that the field components are independent of y and z eqn 

(5.34) reduces to 

 

A field component satisfying either of the last two conditions (i.e (ii) and (iii))is 

not a part of a plane wave motion and hence Ex is taken to be equal to zero. 

Therefore, a uniform plane wave propagating in x direction does not have a field 

component (E or H) acting along x. 

Without loss of generality let us now consider a plane wave having Eycomponent 

only (Identical results can be obtained for Ez component) . 

  

The equation involving such wave propagation is given by 
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corresponds to a wave traveling in the -x direction. The general solution of the 

wave eqn thus consists of two waves, one traveling away from the source and 

other traveling back towards the source. In the absence of any reflection, the 

second form of the eqn (5.37) is zero and the solution can be written as 

 

Such a wave motion is graphically shown in fig 5.5 at two instances of time t1and 

t2. 

 

 

Let us now consider the relationship between E and H components for the forward 

traveling wave. 
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The constant of integration means that a field independent of x may also exist. 

However, this field will not be a part of the wave motion. 
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which relates the E and H components of the traveling wave. 

 

is called the characteristic or intrinsic impedance of the free space 

  

5.7 Time Harmonic Fields  

So far, in discussing time varying electromagnetic fields, we have 

considered arbitrary time dependence. The time dependence of the field quantities 

depends on the source functions. One of the most important case of time varying 

electromagnetic field is the time harmonic (sinusoidal or co sinusoidal) time 

variation where the excitation of the source varies sinusoidal in time with a single 

frequency. For time-harmonic fields, phasor analysis can be applied to obtain 

single frequency steady state response. Since Maxwell's equations are linear 

differential equations, for source functions with arbitrary time dependence, 

electromagnetic fields can be determined by superposition. Periodic time functions 

can be expanded into Fourier series of harmonic sinusoidal components while 

transient non-periodic functions can be expressed as Fourier integrals. Field 

vectors that vary with space coordinates and are sinusoidal function of time can be 

represented in terms of vector phasors that depend on the space coordinates but not 

on time. For time harmonic case, the general time variation is  and for a cosine 

reference, the instantaneous fields can be written as: 

                             (5.42) 

where  is a vector phasor that contain the information on direction, 

magnitude and phase. The phasors in general are complex quantities. All time 

harmonic filed components can be written in this manner. 

STUCOR

STUCOR

www.EasyEngineering.netSTUCOR A
PP

DOWNLOADED FROM STUCOR APP

DOWNLOADED FROM STUCOR APP



The time rate of change of  can be written as: 

               (5.43) 

Thus we find that if the electric field vector  is represented in the 

phasor form as , then  can be represented by the 

phasor . The integral  can be represented by the 

phasor  . In the same manner, higher order derivatives and integrals with 

respect to t can be represented by multiplication and division of the 

phasor  by higher power of . Considering the field phasors  and 

source phasors  in a simple linear isotropic medium, we can write the 

Maxwell's equations for time harmonic case in the phasor form as: 

                                               (5.44a) 

                (5.44b) 

                               (5.44c) 

                               (5.44d) 

  

Similarly, the wave equations described in equation (5.32) can be written as: 

 

or                        (5.45a) 

And in the same manner, for the magnetic field 

 

where  is called the wave number 
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UNIT V 

 

PLANE ELECTROMAGNETIC WAVES 
 
Plane EM Wave in a Lossy and Lossless Media: 

 

EjEjjEjEEjJH c







  )( ,

''' 



 jjc  . 

Similarly, 
'''  jc   

Complex wave number: cck  . Loss tangent: 



  '''tan c  

Propagation constant: 2
1

)1(





j
jjjjk cc   

 
zjzzjkz eeeeE c     

 

If the medium is lossless, α=0; else if the medium is lossy, α>0. 

Phase constant: 





2
  

 

2
1

2 ]1)(1[
2





 , 2

1
2 ]1)(1[

2





  

 

Case 1 Low-loss Dielectric: 1









2
 , ])(

8

1
1[( 2




   

Intrinsic impedance: )
2

1(







 jc   

Phase velocity: ])(
8

1
1[

11 2










c

pv  

Case 2 Good Conductor: 1






 f

2
, 

and 













f
j

j

c

c )1()( 



)1( j  

Phase velocity: 






 2
pv  

Skin Depth (depth of penetration): 



f

11
 . 

For a good conductor, 







2

11
  
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Eg. )10cos(100ˆ),( 7 txztE 


V/m at z=0 in seawater: εr=72, μr=1, σ=4S/m. (a) Determine α, 

β, vp, and ηc. (b) Find the distance at which the amplitude of E is 1% of its value at z=0. (c) 

Write E(z,t) and H(z,t) at z=0.8m, suppose it propagates in the +z direction. 

 

(Sol.)  710 , f=5×10
6
Hz, σ/ωε0εr=200>>1, ∴ Seawater is a good conductor in this case. 

(a)   mNpf /89.8 , 





f
jc )1(   

smv p /1053.3 6



, m707.0

2





 , m112.0

1



  

(b) mze z 518.0)100ln(
1

01.0 




 

(c) )cos(100ˆ])(Re[),( ztexezEtzE ztj   
 

)11.710cos(082.0ˆ)8.0cos(100ˆ),8.0(8.0 78.0   txtextEmz 
 

),8.0(ˆ
1

),8.0( tEatH n





, )61.110cos(026.0ˆ]

)8.0(
Re[ˆ),8.0( 7  tye

E
ytH tj

c

x 



 

 

Eg. The magnetic field intensity of a linearly polarized uniform plane wave propagating in 

the +y direction in seawater εr=80, μr=1, σ=4S/m is )
3

10sin(1.0ˆ 10 
  txH


 A/m. (a) 

Determine the attenuation constant, the phase constant, the intrinsic impedance, the phase 

velocity, the wavelength, and the skin depth. (b) Find the location at which the amplitude of 

H is 0.01 A/m. (c) Write the expressions for E(y,t) and H(y,t) at y=0.5m as function of t. 

 

(Sol.) (a) σ/ωε=0.18<<1, ∴ Seawater is a low-loss dielectric in this case. 






2
 mNp /96.83    )

2
1(








 jc  0283.08.41 je  

])(
8

1
1[( 2




  300 , smv p /1033.3 7




, m21019.1

1 


 ,               

m31067.6
2 



  

(b) mye y 21074.210ln
1

1.0

01.0  



 

(c) )
3

10sin(1.0ˆ),( 10 
   ytextyH y

,  300,5.0 y  

)
3

10sin(1075.5ˆ),5.0( 1020 
   txtH


 

)0283.0
3

10sin(1041.2ˆ),5.0(ˆ),5.0(ˆˆ 1018 


   tztHatEya ncn


 

 

Eg. Given that the skin depth for graphite at 100 MHz is 0.16mm, determine (a) the 

conductivity of graphite, and (b) the distance that a 1GHz wave travels in graphite such that 

its field intensity is reduced by 30dB. 
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(Sol.) (a) mS
f

/1099.01016.0
1 53   


  

(b) At f=10
9
Hz, mNpf /1098.1 4   

m
e

zedB z 4

10

10 1075.1
log

5.1
log20)(30  




 

Eg. Determine and compare the intrinsic impedance, attenuation constant, and skin depth 

of copper σcu=5.8×10
7
S/m, silver σag=6.15×10

7
S/m, and brass σbr=1.59×10

7
S/m at following 

frequencies: 60Hz and 1GHz. 

(Sol.)  f , 



1

 , f , 



 )1( jc   

Copper: 60Hz  6

c 10)1(02.2 j , mNp /1017.1 2 , m31053.8   

1GHz  3

c 10)1(25.8 j , mNp /1079.4 5 , m61009.2   

 

 

Group velocity:  

 





ddd

d
vg

/

1
  

  ])()cos[(])()cos[(),( 00 ztEztEztE  


 

)cos()cos(2 0 ztztE    

 Let   zt =constant 












/

1

dt

dz
vg





ddd

d

/

1
  

Eg. Show that 



d

dv
vv

p

pg   and 



d

dv
vv

p

pg   

(Proof) 



pv ,  pv , 








d

dv
v

d

d
v

p

pg   

∵ 





2
 ,  2 , 










dd
dd  0 , 




d

dv
vv

p

pg   

 

Poynting vector and Theorem: 

 

 HEP


  

t

B
E







 , 

t

D
JH







  JE

t

D
E

t

B
HHEEHHE


















 )()()(  

 

 222

)
2

1
()

2

1
(

)()(
EE

t
H

t
JE

t

E
E

t

H
H































  

 

∴   





s vvv

dvEdvHE
t

dvHESdHE
222

)
22

()()(





 

HEP


  is the electromagnetic power flow per unit area. 
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Instantaneous power density: ])(Re[])(Re[),( tjtj ezHezEtzP 


  

Set 
)(0)(

0
ˆ)](ˆ[

1
)(ˆ)(ˆ)( 



 
zjz

n

zj

x ee
E

yzEazHeExzExzE


, 

∴ )cos(ˆ])(Re[),( 0 zteExezEtzE ztj   


 

and )cos(ˆ])(Re[),( 0



 


  zte
E

yezHtzH ztj


 

])(Re[])(Re[),(),(),( tjtj ezHezEtzHtzEtzP 




)]22cos([cos
2

ˆ 2

2

0



 


  zte
E

z z 2

0E  

Average power density: )Re(
2

1 *HEPav


  




T
z

av e
E

zdttzP
T

P
0

2

2

0
cos

2
ˆ),(

1


 



, where T is the period. And it can be proved that 

)Re(
2

1 *HEPav


 . 

Eg. Show that ),( tzP


 of a circularly–polarized plane wave propagating in a lossless 

medium is a constant. 

(Sol.) Assuming right–hand circularly–polarized plane wave, zan
ˆˆ   

)]sin(ˆ)cos(ˆ[),( 0 ztyztxEtzE  


 

)]cos(ˆ)sin(ˆ[)ˆ(
1

),( 0 ztyztx
E

EatzH n 





 



2

0ˆ),(),(),(
E

ztzHtzEtzP 


 

Eg. The radiation electric field intensity of an antenna system is  EaEaE ˆˆ 


, find the 

expression for the average outward power flow per unit area. 

(Sol.) rn aa ˆˆ  , )ˆˆ()ˆ(
1










E
a

E
aEaH n 


 

)(ˆ
2

1
)]ˆ

*
ˆ()ˆˆRe[(

2

1
)Re(

2

1 22
*

*











EEa
E

a
E

aEaEaHEP rav 


 

 

Eg. Find P


 on the surface of a long, straight conducting wire of radius b and conductivity σ 

that carries a direct current I. Verify Poynting’s theorem. 

(Sol.) 
22

ˆˆ
b

I
z

J
E

b

I
zJ







, 
32

2

2
ˆ

2
ˆ

b

I
aHEP

b

I
aH r


 


 

RI
b

Ib
b

I
dSaPSdP

s

r

s

2

2

2

22

2

)(2
2

ˆ   








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H
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E
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Region 2 

 2 2 2  , ,

 

Z 

 

Figure 5.1  
 

Introduction 

 

Why is there a need to study the reflection and transmission properties of plane waves when 

incident on boundaries between regions of different electric properties?  Perhaps you had no idea 

that we experience this topic daily in our lives.  For instance, when you try and make a call on 

your cell phone and you are downtown amongst all those tall buildings.  Will you always have 

great reception?  When the hot sun penetrates your window it can quickly heat up your room, but 

maybe you have blinds, curtains, or tinted material to prevent some of that intense heat.  For those 

of you that wear glasses, you know what happens when you get your picture taken; that annoying 

glare from those glasses.  What about a light ray on the surface of a mirror?  A reflection can be 

seen and some of that ray will penetrate the glass. 

 

This chapter focuses on the reflection and transmission properties related to one-dimensional 

problems that have normal-incident plane waves converging on infinite plane interfaces that will 

separate two or more different media. 

 

The Figure illustrates the geometry of the positive z propagating plane wave that is normally 

incident on a plane interface between regions 1 & 2. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Normal Incidence Plane Wave Reflection and Transmissions at Plane    

        Boundary Between Two Conductive Media 

 

The electric and magnetic fields related to the incident wave are given by the following: 
    

   
  
 x

i

m

ze  

1
1

        

 










y

i m ze



1

1

1




 

 

 
* Note:  (i) incident, (m1) medium 1, (γ1) propagation constant in region 1, (η1) wave 

impedance in region 1, (z) direction of propagating wave 

 

Region 1 

 1 1 1  , ,  
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The complex propagation constant in region 1 is    1 1j .     *Note:   α and β are the real and 

imaginary parts respectively.  The propagation constant γ is that square root of γ
2
 whose real and 

imaginary parts are positive: 

   

     γ = α + jβ 

       

 

With     
 


 









 













2

1 1

2

  

 

 

    
 


 









 













2

1 1

2

  

 

The wave impedance as defined in chapter 2 as the ratio between the electric and magnetic fields 

is  

  





tan



x

y

j

j

e 



































 





























1

2
1

4

1

2

1

 

The wave impedance η in a conductive medium is a complex number meaning that the electric 

and magnetic fields are not in phase.  The phase velocity will be less than the velocity of light vp 

< c.  The wavelength λ in the conductive medium will be shorter than the wavelength λo in free 

space at the same frequency, λ = 2π/β < λo.  The factor  ze  will attenuate the magnitudes of 

both E and H as they propagate in the +z direction. 

 
 

 

What happens when this wave hits the boundary?   

t1 = 0 
t2 > t1 e

-αz 

Figure 5.2    The electric field associated with a plane wave 

propagating along the positive z direction. 
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Some of the energy related to the incident wave will transmit across the boundary surface at z = 0 

in region 2, therefore providing a transmitted wave in the +z direction in medium 2.  The 

following are the electric and magnetic fields related to the transmitted wave: 

 
  
 x

t

m

ze  

2
2

     

   










y

t m ze



2

2

2




 

   * Note:  (t) transmitted wave 

 

Recall Maxwell’s equations: 

 

      j  

   j  

   · E = 0 

   · H = 0 

 

 

The Wave equation for H: 

 














2

2 2

2

2

2

2

2
  


x y z

    

 

For now, let’s look at the simplest system, that consisting of a plane wave of coordinate z.   

 

 
d

d z

2

2

2


   

 

Therefore, according to the wave equation as noted above, equations satisfy Maxwell’s equations.   

If the amplitude of the transmitted wave m2


is unknown then boundary conditions at the 

interface z = 0 separating the two media must be satisfied.   

Good conductors are often treated as if they were perfect conductors.  Metallic conductors such as 

copper have a high conductivity σ = 6 * 10
7
 S/m, however, only superconductors have infinite 

conductivity and are truly perfect conductors.   

 Static (time independent) 

             n · D1 = ρs  

 n · (B1 – B2) = 0 

       n1= 0 

 n ( ) 1 2 = 0 

* Subscripts denote the conducting medium. 

 

Characteristics of static cases: 

1. Electrostatic field inside a good conducting medium is zero.  Free charge can 

exist on the surface of a conductor, thus making the normal component of D 

discontinuous being zero inside the conductor and nonzero outside. The 
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tangential component of E just inside the conductor must be zero even if the 

surface is charged.   

2. The electric and magnetic fields in the static case are independent.  A static 

magnetic field can therefore exist inside a metallic body, even though an E field 

cannot.   The normal component of B and the tangential components of H are 

therefore continuous across the interface.  

        

              For time-varying fields, the boundary conditions for good (perfect) conductors are: 

  

 Time –varying fields (time dependent) 

             n ·D = 0 

        n · B = 0 

      n = 0 

       n = Js  

The subscripts have been deleted because in this case the only nonvanishing fields are those 

outside the conducting body.   

 x

t
&  x

i
are tangential to the interface therefore the boundary conditions will require these 

fields be equal at z = 0.   Equate  x

t
 &  x

i
, and set z = 0.  *Note:  (t) is transmitted wave, (i) 

incident wave.  The result will be 

 

    m m1 2

      *Note: (m) medium, (+) transmitted wave   (5.3)   

                                

 y

t
&  y

i
are also tangential to the interface, so by applying the same procedure as above 

you will notice that it is impossible to satisfy the magnetic field boundary conditions 

if   1 2 .   

We can then, include a reflected wave in region 1 traveling away from the interface, or in 

other words in the –z direction.  Only part of the energy related to the incident wave will be 

transmitted to region 2 because of the process the incident fields must encounter prior to 

crossing the boundary.  The fields left behind during this process will in fact be the reflected 

wave.   

 

The electric and magnetic fields related to the reflected wave are 

   

 

    
  
 x

r

m

ze  

1
1

       

          (5.4) 

 

    










y

r m z
e

 
1

1

1




 

Note:  (r) reflected wave, (-) wave traveling in the –z direction 

 

Equation (5.4) is related by










x

r

y

r
 1  because the reflected wave is traveling in the –z 

direction and the Poynting vector E H will be in the -az direction.  To satisfy the boundary 
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conditions for the tangential electric field, z = 0.   This is important because the basic model 

assumes three waves   incident, reflected and transmitted: 

 

        x

i

x

r
z x

t
z  0 0  

 

This can be simplified, by adding the E field transmitted to the E field reflected of        

medium 1 with a result equal to the E field transmitted wave of medium 2: 

 

       m m m1 1 2

                    (5.5) 

 

*Note:  We can model the system as three waves   incident, reflected and transmitted.     

Boundary conditions must be met for the E field as well as the H field.  Waves have both E & H 

fields - 

     . 

      Similarly, enforcing the continuity of the tangential magnetic field at z = 0, 

   

       m m m1 1 2

     

Therefore,  

   













  m m m1

1

1

1

2

2

  

 
  

     (5.6) 

 

To solve for m2


, multiply equation (5.6) by  1and add the result to equation (5.5).  The result 

is: 

 

  







 





m

m

2

1

2

1 2

2








 
        (5.7) 

  

The transmission coefficient   is the ratio of the amplitudes of the transmitted to the incident 

fields: 

    
2 2

1 2



 



 
     (5.8) 

 

The amplitude of the reflected wave can be solved for by multiplying equation (5.6) by 2 and 

subtracting the result from equation (5.5) for a result of: 

    
 

 
 m m1 1

2 1

2 1

 




 

 
     (5.9) 

The reflection coefficient   is the ratio of the amplitudes of the reflected and incident electric 

fields given by: 

 

   




 

 





 









m

m

1

1

2 1

2 1

 

 
     (5.10) 

 

From equations (5.8) & (5.10), note that the reflection and transmission coefficients are 
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 related by1    .   

 

EXAMPLES: 

 

An H field travels in the  az direction in free space with a phaseshift constant (β) of 

30.0 rad/m and an amplitude of 
1

3
A/m. If the field has the direction –ay when t = 0 and z = 0, 

write suitable expressions for E and H.  Determine the frequency and wavelength.   

 In a medium of conductivity σ, the intrinsic impedance η, which relates E and H, would 

be complex, and so the phase of E and H would have to be written in complex form.  In free 

space the restriction is unnecessary.  Using cosines, then 

   H (z, t) =   
1

3
 cos( )t z  

For propagation on –z, 

 

 





x

y

o   120        Or               x t z V
m 40cos( )   

 

Thus    E z t t z V m( , ) cos( ) 40    

 

 Since   30rad
m,  

 

   





 

2

15
m   f

c
z 


 

  

3 10

15

45
10

8

8    

Determine the propagation constant γ for a material having  r r 1 8, ,  and 025. S m , 

if the wave frequency is 1.6MHz. 

  

In this case,  

 

   
    



   





 






0 25 10

2 16 10 8 10 36
10 0

12

6 9

9
.

.
 

 

So that    

  α = 0        2 9 48 10 2
 

f
c

rad m
r r

.  

 

And       j j m9 48 10 2 1. .  The material behaves like a perfect dielectric at the given 

frequency.  Conductivity of the order 1 S m  indicates that the material is more like an insulator 

than a conductor.   

 

5.3 Normal Incidence Plane-Wave Reflection at Perfectly conducting Plane 

 

Special case (analysis of material presented in section 5.2) 
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 Assumptions-(region 2) perfect conductor  2
→ ∞, wave impedance  

 







2

2

2

2

0





j

, as σ2→ ∞,     (5.11) 

 

To simplify the standing wave analysis, assume that region 1 is a perfect dielectric σ1 = 0. 

 Using substitution:  take equation (5.11) in the reflection and transmission coefficient 

expressions in equations (5.8) and (5.10) in order to obtain  

 

     0,    1 

 

The zero value of the transmission coefficient simply means that the amplitude of the transmitted 

field in region 2 is m2


= 0.  This can be explained in terms of the following: 

 

 The depth of penetration parameter is zero in a perfectly conducting region,   

      (Chapter 3, p. 241).  Therefore, there will be no transmitted wave in a perfectly 

conducting region, because of the inability of time-varying fields to penetrate media with 

conductivities converging toward infinity. 

 Only the incident and reflected fields will be present in region 1. 

 

 For


 1,         

          

 The amplitude of the reflected wave is   m m1 1

   .  The reflected wave is

 therefore equal in amplitude and is opposite in phase to the incident wave.  This  simply 

means that the entire incident energy wave is reflected back by the  perfect conductor.   

 The combination of the two fields meets the boundary condition at the surface of the 

perfect conductor.   

 

This can be illustrated by examining the expression for the total electric field  tot z( )  in 

region 1, which is assumed to be a perfect dielectric (i.e., α1 = 0) 

 

   ( )  ( )  ( )    tot i r

m

j z

xz z z e a    

1
1 m

j z

xe a1
1  

 

 

Substituting   m m1 1

   , for a result of: 

 

     ( )  tot

m

j z j z

xz e e a  

1
1 1
 

 

      = -2j   2 1 1j z t am x
 sin sin     (5.12) 

 

 

Note:  The total electric field is zero at the perfectly conducting surface (z = 0) meeting the 

boundary condition.   

To study the propagation characteristics of the compound wave in front of the perfect 

conductor, we must obtain the real-time form of the electric field.   
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Perfect Conductor 

σ → ∞ 

2
1m




  

z = 0 

 


2 1m  

ωt = π/2 

0 < ωt < π/2 

λ /4 
λ/2 

3λ/4 

π < ωt <3π/2 

ωt = 3π/2 

Z 

 Step 1:  Multiply the complex form of the field in equation (5.12) by e
jωt

  

 Step 2:  Take the real part of the resulting expression 

     

         ( ) Re  ( ) tot jwt totz e z  

         =  2 1 1m xz t a sin sin    (5.13) 

 

In equation (5.13) the amplitude of the electric field was assumed real m1


.  Our objective is 

then to complete the following step: 

 

 Step 3:  Show that the total field in region 1 is not a traveling wave, although it   

   was obtained by combining two traveling waves of the same frequency      

and equal amplitudes of which are propagating in the opposite direction.   

 

Figure 5.2 shows a variation of the total electric field in equation (5.13) as a function of z at 

various time intervals.   

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

From figure 5.2 you can make the following observations: 

 

1. α = 0, indicating that the total field meets the boundary condition at all times. 

 

2. The total electric field has maximum amplitude twice that of the incident wave.  

The maximum amplitude occurs at z = λ/4, at z = 3λ/4, etc., when ωt = π/2, ωt = 

3π/2, etc. happening when both the incident and reflected waves constructively 

interfere. 

 

3. When z = λ/2, z = λ, z = 3λ/2, etc., in front of the perfect conductor the total 

electric field is always zero.  This is happening when the two fields are going 

through destructive interference process for all values of ωt, also known as null 

locations.  

 

Figure 5.2b The variation of the total electric field in front of the 

perfect conductor as a function of z and at various time intervals ωt. 
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4. The occurrence of the null and constructive interference locations do not change 

with time.  The only thing that changes with time is the amplitude of the total 

field at nonnull locations.  Therefore, the wave resulting from the interference of 

the two waves is called “standing waves”. 

 

It should also be emphasized that the difference between the electric field expressions for the 

traveling and standing waves.  For a traveling wave, the electric field is given by: 

 

     ( , ) cos( )z t t am x 

1 1        

 

The term ( ) ( )  t z or t z v 1 1  emphasizes the coupling between the location as a 

function of time of a specific point (constant phase) propagating along the wave.   

It also indicates with an increase in t, z should also increase in order to maintain a constant 

value of (t –z/v1), and it characterizes a specific point on the wave.  This means that a wave 

with an electric field expression which includes cos ( ) t z 1 is a propagating wave in the 

positive z direction.  The time t and location z variables are uncoupled in equation (5.13), or 

in other words, the electric field distribution as a function of z in front of the perfect 

conductor follows a sin   1z variation, with the locations of the field nulls being those values 

of z at which sin   1z = 0. 

The sin (ωt) term modifies the amplitude of the field allowing a variation of a function of 

time located at the nonzero field locations as illustrated in Figure 5.2.   

By finding the values of   1z the permanent locations of the electric field nulls can be 

determined, thus making the value of the field zero.  So, from equation (5.12) we can see that 

    ( ) ( , , ,.... tot z at z n n    0 0 1 21   

Therefore,     z z n 
2

1




  

Or     z n
 1

2
     (5.14) 

 

This simply shows that  ( ) tot z 0 is zero at the boundary z = 0, and at every half 

wavelength distance away from the boundary in region 1 which is illustrated in Figure (5.2). 

 

 Total Magnetic Field Expression: 

     ( )  ( )





  

 
tot i r m j z m j z

yz z e e a   















1

1

1

1

1 1

 

 
 

The minus sign in the reflected magnetic field expression is simply because for a –z 

propagating wave the amplitude of the reflected magnetic field is related to that of the 

reflected electric field by ( 1 ).  Substituting   m m1 1

    yields: 

 

      ( )






tot m j z j z

yz e e a 



1

1

1 1


 
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Perfect 

Conductor 

2
3

1

m







 

z = 0 

ωt = π 

ωt = 0 
0 < ωt < π/2 

5

4

1
 

λ1 

3

4

1
 

11

2



 

           =  2
1

1

1


cos

m

yza




    (5.15) 

 

 

 

 

The time-domain magnetic field expression is obtained from equation (5.15) as:  

   ( , ) tot z t  2
1

1

1


cos cos

m

y yza t a




    (5.16) 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 5.3 The magnetic field distribution in front of a perfect conductor as a function of 

time.   

 

Equation 5.16 is also a standing wave as illustrated in Figure 5.3, with the maximum 

amplitude of the magnetic field occurring at the perfect conductor interface (z = 0) where the 

total electric field is zero.  The location of nulls in the magnetic field are where the values of 

z at cos 1 z  = 0, therefore,   

  1 z  = odd number of  
 

2
2 1

2
0 1 2    m m( , , ,...  or z = (2m + 1)

 1

4
 

The magnetic field distribution in front of a perfectly conducting boundary is illustrated in 

Figure 5.3, where we can observe that its first null occurs at 

 z = 1 4 .  This is the location of the maximum electric field (see Figure 5.2).  By 

comparison, equations (5.13) & (5.16) shows that the electric and magnetic fields of a 

standing wave are 90° out of time phase due to the sin(ωt) term and cos(ωt), respectively.  

This will result in a zero average power transmitting in either direction of the standing wave.  

This can be illustrated by using the complex forms of the fields to calculate the time-average 

Poynting vector Pav (z): 

 

    

 

 

 

Z 

ωt = π/2 
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    P z z zave ( ) Re  ( )  ( ) 
1

2
   

      













1

2
2 21 1

1

1

1Re sin cosj z a zam x

m

y





  

       = 0      (5.18) 

 

 

The zero value of Pav (z) is obtained because the result of the vector product of is a 

 ( )  ( ) z z 
is an imaginary number.  This zero value of average power transmitted by this 

wave is yet another reason for calling the total wave in front of the perfect conductor a 

“standing wave.” 

 

 

Examples: 

 

In free space  ( , ) cos( ) ( ).z t t z a V mx 50   Obtain H (z, t). 

  

Examination of the phase, ωt-βz, shows that the direction of propagation is +z, since E x H 

must also be in the +z direction, H must have the direction –ax.  Consequently,  

  





y

x

o  120        Or     x t z A m 
10

120

3


 sin( )        

And     ( , ) sin ( )z t t z a A mx 
10

120

3


     

 

For the wave of the problem above determine the propagation constant γ, given that the 

frequency is f = 95.5MHz. 

 

 In general, γ = j j   ( ) .  In free space, σ = 0, so that  

 

     
 

  



 j j

f

c
j j mo o

2 2 955 10

3 10
2 0

6

8

1
( .

( . )  

 

 

This result shows that the attenuation factor is α = 0 and the phase-shift constant is 

 β = 2.0 rad/m.  
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